**Unedited Draft**

Arithmetic Revisited
Lesson 4:
Part 1: Introduction to Mixed Numbers

1. Prelude to Mixed Numbers

The best way to comprehend a new topic is by discov  ering that it is simply
a different form of what you already know. This id ea extends to how we
can introduce mixed numbers to our students in a na tural (and relevant)
way in terms of our “adjective/noun” theme. For exam ple, long before
students become aware of such numerals as 5 tﬁay ha ve probably come
into contact with such expressions as:

-- aperson being 5 feet 7 inchestall.
-- or a trip that took 3 hours and 17 minutes.

-- or a cut of meat that weighed 4 pounds and 3 oun  ces.

Notes :

* In this context, we have “mixed together” two noun s (feet and inches,
hours and minute, pounds and ounces, etc.)) and mod ified each with a
whole number adjective.

» if we wish to express 5 feet 7 inches using only one noun, we can
either express it in inches or in feet. If we elec t to use inches, we use
the fact that since there are 12 inches in a foot, there are 60 inches in 5
feet. Hence in 5 feet 7 inches there are 67 inches

 if we prefer to use feet as the noun, we have 5  “whole” feet plus 7 of
the 12 inches that are needed for an additional foo t. Expressed as a

fraction “7 of what it takes 12 of to make 1 foot” is % feet. Hence we
may express 5 feet 7 inches in the form (5 + )l—7§eet.

* We agree to omit the plus sign and abbreviate 5  + % by writing 5 %

- Thatis, while 5 5 #67,5 5 feet =67

» Although it is mathematically correct to rewrite 5 feet 7 inches as 4
feet 19 inches, and, therefore, to write 5 feet as 412 feet; the
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convention is that we do not usually do that. More specifically we
define a mixed number as being the sum of a whole number plus a
rational number 2

* In a similar way if we wish to express 3 hours and 17 inches using
only one noun, we can either express the time in ho  urs or in minutes. If
we elect to use minutes, we use the fact that since there are 60 minutes
an hour, there are 180 minutes in 3 hours. Hencei n 3 hours 17 minutes
there are 197 inches.

« if we prefer to use hours as the noun, we have 3 “whole” hours plus
17 of the 60 minutes that are needed for an additio  nal hour. Expressed

as a fraction “17 of what it takes 60 of to make 1 h  our” is %feet. Hence

we may express 3 feet 17 minutes in the form (3 +)%% ours.

* We agree to omit the plus sign and abbreviate 3  + % by writing 3 %

- - 17 17
 Thatis, while 3 35 #197, 3 &5 hours =197
» Using similar reasoning, the fact that 16 ounces = 1 pound means

that 4 pounds 3 ounces is equal to either 67 ouncex

2. Relating Mixed Numbers and Improper Fractions .

As we saw in the previous lesson, the concept of a rational number was
introduced almost simultaneously with our discussio n about the type of
answer we get when we divide one whole number by an  other. More
specifically, we defined a rational number to be an  y number that can be
expressed as the quotient of 2 whole numbers. To i llustrate the existence
of a rational number that was not a whole number, w e talked about the

quotient 2 =3 or %which we viewed as the answer to a guestion such as

"How much corn bread does each, person get if 2 equ ally sized corn
breads are shared equally by 3 people?”

1This corresponds with the idea of getting good estimafes.example we could say that the height of a
person was 3 feet 37 inches. However, it gives us aereasstimate if we say 6 feet 1 inch. In a

similar way if we are packing books in cartons thatHd books each we don't usually say that we have 3
full cartons and 37 books left over. Namely we keep pgokamtons until there aren't enough books left
to fill another carton.

2When we use a common fraction to represent ratiomalbers, we call the common fractiopraper

fraction if it represents a rational number thaesslthan 1. In this context, the mathematical defmit

of a mixed number is that it is the sum of a whole nurabel a proper fraction.
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However if there were 200 cornbreads instead of 2 ¢ ornbreads, it would
be very tedious to take the time to slice each oft  he 200 cornbreads into
3 equally sized pieces. In fact, even if the cornbr  eads had already been
sliced this way, it would still be very tedious to “deal” the pieces of
cornbread, one at a time, to the 3 people. Most li  kely,we would revert
to our knowledge of whole number division and compu te that
200 =+ 3 = 66 “with 2 left over”.

Hence if we wanted to use the least amount of effor t to distribute the
cornbreads, we would give each person 66 cornbreads and we would then
divide the remaining 2 cornbreads among the 3 peopl e by giving each

person %of a cornbread.

Thus we could either:

(1) slice each of the 200 pieces of equal size and  give each person
1 piece from each of the 200 cornbreads. In that w ay, each person
would get 200 pieces or 200 “of what it takes 3 of t 0 equal 1 corn

bread”. In other words each person would get 200 thirdéc orn bread;

or % cornbreads

or

(2) give each of the persons 66 corn breads plus 1 piece from each of
the 2 remaining corn breads. In this way each pers on receives 66%
corn breads .

Notes:

* For most people, 66% corn breads tells us more explicitly how m any

cornbreads each person got. Writing % cornbreadgives us the s ame

information implicitly. That is, we have to do som e computation to
determine how many cornbreads is represented by “200 of what it
takes 3 of to make a whole cornbread”. However, whi  le it might seem a

bit awkward, there is nothing wrong with saying tha t each person got

% cornbreads.

* We often refer to %as an impropeirfraction. More genera lly, the
common fraction ﬁ”is called an improper fraction if n > m. The reason

is that an improper fraction can always be expresse  d as the sum of a
whole number and a proper fraction (i.e., a common fraction that is less
than 1).3

31t would be more polite to refer to an improper fractasn perhaps, a “top heavy” fraction. However
there is nothing that is really “improper” about an iogar fraction. For example if a recipe calls fér 2
cups of flour and you can only find you?; “ of a cup” measyigap, all you have to remember is that
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In the same way that we could begin the study of fr  actions almost
simultaneously with the study of division, we could also introduce mixed
numbers. 4 For example:

Practice Problem #1

How many cornbreads does each person get if 38 cornbreads are to
be shared equally among 7 persons?

Answer: 7 %(or %
Solution :

If we want to solve this problem in the way we did in our lesson on
common fractions, we could pre-slice each of the 38 cornbreads into 7
equally sized pieces and deal out 1 piece from each of the cornbreads
to each of the 7 people. In this way, each person g ets 38 pieces of
cornbread; that is, 38 of what it takes 7 of to ma ke a whole cornbread.

Thus each person gets %%ornbreads.

However if we had just studied whole number divisio n and had not yet
been introduced to fractions, we might have simply divided 38 by 7 and
concluded that

5 R3
7138
- 35

3

Hence we would be able to give each person 5 cornbr eads and we
would still have 3 of what we needed 7 of in order to be able to give

each person 1 more cornbread. From hereitisare latively easy step to

get to the notion of 5 %

ery time you fill this cup 3 times, it is equivalent tavhole cup. Hence if you fill it 6 times you have 2
whole cups and then 1 more times will give yd;u 2 cups. Merygust as in pre-slicing cornbreads, there
is nothing wrong with saying that you used 7 “thirds ofip"cthat is 7 of what it takes 3 of to equal 1
whole cup.

4Just as in the study of any foreign language, the soostedant is introduced to a mathematical concept,
the better the chances are for the student to beabesse with the concept. Waiting too long after the
introduction of whole number division to introduce fraot gives the student the feeling that there is
little if any connection between the two conceplfat is, they see fractions as cutting a pie into piete
equal size and then taking a certain number of the pibaethey do not see this as the same thing as
dividing two whole numbers.



Lesson 4 Part 1 Page 5

Notes:

 If we had decided to use the above example to in  troduce the notation

of common fractions, we might have had students see that the answer
to 35 =7 could be written as 3750ut that it is much more “natural” to

rewrite the answer in the simpler but equivalent fo rm, 5. In a similar
way, rather than write that 42 # = 472we write 42 % & Ho wever,
suppose we are now given the problem 38 7% We can s till write the
answer as %but in terms of writing the answer as a whole number, all

we can say is that the quotient is greater than (i5 .e., 5 x 7 = 35) but
lessthan 6 (i.e., 6 x7 =42).

* A good way to see the connection between 5 ai}ud 37—8 is to divide the

cornbreads differently. For example suppose that a restaurant calls

itself the “Lucky 7” because it slices each of its fa mous cornbreads

into 7 equally sized servings. Then if 38 customers each order a

serving of cornbread, they have ordered 38 of what it takes 7 of to
38

make a whole cornbread. That is, they have ordered == cornbreads. If
we now divide 38 by 7 we see that the restaurant so Id 5% cornbreads.



